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Abstract—We derive the two-dimensional equations of motion for a vibrating plate by means of an
asymptotic expansion of the three-dimensional elastic state. The assumptions involved are of mathematical
character only and concern the continuity, differentiability and convergence of the series used. The
three-dimensional problem is reduced to a two-dimensional eigenvalue problem consisting of a linear fourth
order partial differential equation for the deflection of the middle-surface and a proper set of boundary
conditions. The eigenvalue appears in the coefficients of the differential equation as well as in the boundary
conditions. We discuss the solution of this problem and compute the frequency of stationary plane waves in
an infinite plate as an example. The result is compared with the exact solution.

1. INTRODUCTION
Natural frequencies derived by the Kirchhoff theory of plates are affected by errors of order
(h/1)’, where 2h is the thickness of the plate and ! a characteristic wavelengtht of the
deformation pattern. Although this may be adequate for many applications, the need for a more
accurate theory has long been recognized.

The engineering approach to improve the theory is to include certain effects neglected in
the Kirchhoff theory, like deformation due to transverse shear, rotational inertia, etc. Notwith-
standing the valuable results achieved by many authors using this approach, there is always
some uncertainty left with respect to the consistency of these higher order approximations. In
fact, no theory derived in this way has taken higher order effects into account in a consistent
manner.

In this paper a theory for plates performing small transverse harmonic vibrations is
generated by means of an asymptotic expansion of the three-dimensional equations of elasticity
in powers of h/l. The principles involved in this procedure are not new but related to early work
on plate theory by Poisson and Cauchy and successfully applied by Brod[1] to plates under
static surface loads.

We shall tacitly make certain assumptions concerning the differentiability, continuity and
convergence of the series used,f but on the other hand it must be stressed that our assumptions
are solely of mathematical character.

The theory generated in this paper may be carried out to any accuracy desired. The first step
yields the lowest order theory which coincides with the Kirchhoff theory. The next non-trivial
approximation has inherent errors of orders (h/l)*, etc. The computational work to derive the
equations increases rapidly with each step, but otherwise there is no difficulty involved in
deriving higher order approximations.

2. BASIC EQUATIONS

Let x"=(x, y, z} be rectangular coordinates such that z=*h are the free surfaces of the
plate. Let furthermore the boundary of the plate be defined by the normals to the middle-
surface along a simple closed curve C on this surface.

We shall assume that the plate performs small harmonic vibrations of amplitude u'=
(u, v, w). For given conditions at the boundary C the amplitude functions will depend on the

+The term “‘characteristic wavelength” is admittedly not well defined. We shall see at the end of our work that it can be
replaced by a precisely defined length, namely V/w, where o is the angular frequency under consideration and V the
velocity of sound.

It may be recalled that already Saint-Venant questioned the corresponding assumptions in the theories of Poisson and
Cauchy (—elle n’est pas suffisamment fondée, et peut se trouver souvent en défault). In fact, the region and nature of
convergence of these series has hitherto remained unclarified.
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thickness of the plate and this dependence will be represented by the following asymptotic
expansion:

L

u'(x,y,z)= Z U, (x,y,2)e" 2.1

n=ny
where

€=hll (2.2)

is assumed to be small in comparison with unity.

In the linear theory the amplitude #' is undertermined and therefore we may without loss of
generality put ny = 0.

The functions u, (x, y, z) are now expanded in Taylor series at z =0, i.e.

u'(x,y,z)= 2 2

1 l m_n
oy UiLm(x, y)z™e 2.3)
where

m

!
Ul 1) = 500

x,9,0) nm=0,1,... (2.4)

are the partial derivatives of u,’ with respect to z at the middle-surface. It follows that the
displacements of the middle-surface with which the two-dimensional theory shall deal are given
by

u'(x, y,0) = 2_)0 U'oe™. 2.5)

The stress tensor o/ (x, y, z) is given in terms of the displacements by

=G [D"uf +Diu' 4 77 g"Dku"] 2.6)

where G is the shear modulus, v Poisson’s ratio and g” the metric tensor which in our case of
rectangular coordinates reduces to Kronecker’s delta. Likewise, the covariant derivative D,
reduces in our case to the partial derivative D; = D' = /dx".

After dividing through by the time-factor, the equations of motion take the form

Do’ + wpu’ =0 2.7

where o is the angular frequency and p the mass density.
Introducing dimensionless stresses 27 = o%/G we get

3= D+ D'+ —sz gD, 2.8)
From (2.3).and (2.8) it follows that
2i(x, y.2)= ,,2: 2 ml I (X, y)zme" (2.9)
where?
St = DU+ DPU S+ - f”zy g P DU+ Woms) (2.10)
Stm =D Wy + U @.11)

1The tensor indices i, j, k have the range 1,2,3 and «, 8, y the range 1, 2. The summation convention applies to i, j, k
and a, B, v. The other indices are not subject to these rules.
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2(1- V) 2v
1-2 1-2»

Som= Wmst + 7= DUS,, (2.12)

where W, ,, = U3,.. These three equations represent Hooke’s law.
The equations of motion (2.7) can now be written in the form

D3+ Au=0 2.13)
where
A = pw?G. (2.19)

The frequency « and therefore also A will depend on the thickness of the plate. Hence A
too will be represented by an expansion in powers of e.

For any given mode of transverse vibrations the ratio w/h approaches a finite limit as h
tends to zero. For in-plane vibrations on the other hand, o itself tends to a finite limit as & goes
to zero. Depending upon our choice of the power of € (2 or 0) of the lowest order term in the
expansion of A, the theory will represent transverse or in-plane motion. -

In writing

= Ae"? 2.15)
n=0

we deliberately select the transverse vibrations.
By (2.3), (2.9), (2.13), (2.15) and (2.10), (2.11), (2.12) the equations of motion take the form

n=2
U'smer+ 7755 (D*DU omor+ D* W) + AU - .+;‘,0 MU iamt=0  (2.16)

and

-2

an+,+2(1 S AW nn-1 4575 Dalim * 2(1 ZAk nkzma =0 (217)

2(1

where A = D,D* is the Laplacian.
The boundary conditions at the free surfaces z = * h are given by

33x,y, £h)=0

and taking (2.9) and (2.2) into account, this may be written

Il mml =0 n=0119'-- (2-18)

Adding and subtracting the two equations connected with the plus and minus signs in (2.18)
we get the following set of equations for even numbers n:

nj2
20(2m),S amam =0 n=0,2,4,... 2.19
and
&G 1 i3 2m
Zom Sh-amam+ " =0 n=90,2,4,... (2.20)

The corresponding equations for odd numbers n are similar.
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3. PLATE EQUATIONS

In order to derive the two-dimensional plate equations, we must express all “derivatives™
Utm (m >0) in terms of the functions U,, (p =0,1,...n).

Assuming that the conditions on u® are homogeneous and independent of u’ at the
boundary C it can be shown that

ﬁ‘2m= Wﬂ,2m+1=0 n,m =0’ 1’29-" (3'1)
and
USsim=Wonm=0 nm=01,2,... (3.2)

The first sequence of equations (3.1) shows that the following relations of symmetry hold
good:

u(x,y,z)=—u*(x,y,—2)

(x, y,2) = ub(x, y, - 2). (3.3)

From the second set of equations (3.2) we may conclude that only the even powers of €
contribute to the displacements in (2.1).

By eliminating the remaining “derivatives” U’ ,, with the help of the boundary conditions
(2.18), Hooke’s law (2.10)-(2.12) and the equations of motion (2.16)-(2.17) we find a sequence
of differential relations between the functions W,,o. To achieve this we shall first demonstrate
that the derivatives U$,2n+1 and W, 5, can be written in terms of the lower order functions
Wao (p=0,1,...n). We prove this by induction assuming that it holds good for n—1 and
derive the relations for n.

From (2.19) with i = @ and (2.11) we get

12
Usni=—D*Wayno— 7 (D*Wan22t Ugi23)— (D Woan + Uban+1) (3.4)

(2n)'

so that the first derivative U$,, can be expressed in terms of Wyq... Wa,e.
We proceed to the second derivative W,,,,. Using (2.20) with i =3 and (2.12) we get

2
W2n.2=_1—E—V'DaUgn,1 (W2n 24+ D Usn- 23)

3!
lZn

NTED D (Wo 2n+2+ D Us 2n+1) (3.5
Here all terms on the r.h.s. are given in terms of the functions Wyp. .. Wane.
With the help of (2.16) and (2.17) the higher order derivatives USyam+1 and Wauome2
(m=1,2,...) can be determined in terms of Wyy... Wa,o.
For n =0 we get

Uamer = (= ™! (l'f—v+ 1) D*A"Woo

and

m

Woom = (- 1)"'“(—1 —— l) AW

and this concludes the proof by induction.
The second derivative W,,, can be derived independently of (3.5) from the equations of
motion (2.17):

1-2»

T )AWZnO

1
W2n,2 2(1 ) D UZH 1= 2(1 ) (AO WZn -2,0 +oeet A2n—2 WO,O)' (3-6)
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Equating (3.5) and (3.6) yields a differential equation between the functions Wy ... Wang for
each n. Only for n = 0 is the equation trivial.

To establish the differential relations we must eliminate the higher order derivatives
appearing in the r.h.s. of (3.4) and (3.5) using (2.16) and (2.17). The work is straight forward but
tedious and soon grows out of hand. It is therefore helpful and for the higher order equations
necessary to apply an automatic procedure for performing the analysis.t The reader is referred
to the Appendix for the intermediate formulas, in particular the expressions for the derivatives.

We obtain the following differential equations:

AZWM) = % Aewe,e
B*Wio= 11 (AaWao+ 8 Woo) = ¢’ Wi
A2W4'0 = % (A(;W”} + Asz'o + A4 WO,O) —ci 2A3W2;0 ~ 3l 4A4 Woo

A? Weo= %i' (AoWeo+ AaWao+ AW o+ AsWoo) — 0212A3 Wio— C314A4WZ,0 - C4IGA5 Woo 3.7
ete.

where the first four coefficients turn out to be

c1=3(1;”)
o= 17-7v
15— v)

c :“'89-»‘41811-{-621'2
3 315(1 - »)

ca= 11189 — 14613y + 4995»° - 381»° 3.8)
4 4725(1 - vy’ ' ’
Multiplying the second equation (3.7) by € the third by €* etc. and summing up all
equations we get by (2.5) and (2.15) one single differential equation for the deflection of the
middle-surface,

Aty = %‘, Aw = c2h?A%w = csh*A%w — ceh®ASw — - - - (.9)

where w(x, y) = u’(x, y, 0).
This equation may be simplified considerably if the higher order Laplacians on the r.h.s. are
eliminated using the equation itself. We get

A*w = A(w~-ch®Aw) (3.10).

with
¢ = dy+ dAh* + dg(AR)P + - - - (3.11)

and
A = A1+ dsAh* + ds(AR*)? + - - -] (3.12)

tIn the present paper most analytical work has been done using the symbolic manipulation language TENSOR
FORMAC implemented on the IBM 370/165 computer of NEUCC (see Jensen and Niordson [2]).
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where
_ 0 _ 3(1 - V) ’
)\—PA Z—GhTwp (3.13)
dy= sz_u (3.14

15(1-»)

A -4y-335
di=c; Cz—*m— (3.15)

di=cs—2¢-c1+ ¢ 3 1206 — 10258 + 2668»% + 341°
T 23625(1 = )’

(3.16)

etc.

A consistent approximation of order n > 1 is obtained by including the coefficients d,, ds, . . .
up to and including d,. The first-order approximation is found when we take d,=d;=--- =0.
This approximation coincides with the Kirchhoff theory.

4. MOMENT AND SHEAR FORCE

The stress tensor o”(x, y, z) is uniquely determined by the functions U',,, and thus by the
functions W,,. When summing up the contributions to 29 according to (2.9) we find that the
functions W, appear only in the combination Wyo+ €*Wso+ - - - = w(x, y). The stress tensor
o can therefore be determined from w. From the stress distribution we find the moment tensor
M*°® and the shear force vector Q* by

M= f: o*zdz @.1)
and
+h
Q= f_h o**dz. 4.2)
Substitution of o yields
Mt = 4GT"3 (D"D"fb[w] r g“ﬂ‘lf[w]) 43)
and
0" =5 pryiw) (44
where
ow] = ?;0 S h*® AW @.5)
Yiw]= go Y AW (4.6)
x(wl= 2 LA 4
where

do=d={=1 4.8)
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applies to the first order (Kirchhoff) theory,

_ 8+
"’"10(1-»)
_ N+3w
“’"30(1—1/)
_34-9y
(=300~ 9) 4.9)

applies to the second order theory

b2 779 - 152v + 3?
2 840(1— v)’

o= 2137 - 452 + 9?
2 2520(1— v)?

3961~ 2588y + 3213
= T 50— ) (4.10)

applies to the third order theory, and

_ 97132 - 57465v + 5808»° + 5»°

Z 756001 — »)°
_ 88618 — 54785 + 578207+ 50
¥s 75600(1— »)°
182470 — 195869y + 569143 — 38955
b= 7560001 — »)° “.1D)

applies to the fourth order theory, etc.

The higher order Laplacians appearing in ®{w], ¥[w] and x[w] may well be reduced to the zero
and first order Laplacian by using the differential equation (3.9) or (3.10). Hence the operators
®, ¥ and y can be expressed as a linear functions of w and Aw only.

At the boundary C we have the bending moment

Mg = M"“Bnanﬂ (412)

and the shear force

Q=Qn, (4.13)

where n, is the normal to the boundary curve C.
The bending moment at the boundary is therefore a linear function of a*w/an?, 3*Aw/on?,
Aw and w. The derivative 3*Aw/on® may be written A’w — 3?Aw/at?, or

3’Awlan’= A(w — ch®Aw) — 3*Aw/ot?

where d/an is the normal derivative and 8/at is the tangential derivative at the boundary.

We see that the eigenvalue problem can be formulated in terms of a fourth-order partial
differential equation (3.10) and a proper set of boundary conditions involving the functions w,
aw/an, 3*w/an® and 3*w/an’.

To solve this eigenvalue problem we may in general have to resort to successive iterations
since the eigenvalue appears in the boundary conditions and in the coefficient ¢ of the
differential equation. Taking A =A and A =0 in ¢ and the boundary conditions we get a first
iteration for A. This can then be used for getting the next iteration etc.
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The numerical value of Ah* determines the rate of convergence and also the range of

applicability of the two-dimensional theory. Clearly Ah* has to be “small”, i.e.

wh <+/(Glp)

for the two-dimensional theory to apply. We can now substitute the somewhat vague term
“characteristic length” of the deformation pattern by the more precisely defined length

V(Glp)lw.

5. WAVES IN AN INFINITE PLATE
Consider the following solution to the differential eqns (3.9) and (3.10):

. TX
W = Wy SIN —
a

representing the case of a stationary straight-crested flexural wave in a inflnite plate.

Substitution into (3.9) yields the following equation for the frequency:

4 6 8 10
(E) =A+ Cth(ZT_) - c;h“(z> + c4h6(z) -
a a a a

from which we get

2 2 4 6
(' - oof) -o( -
@o a a a

where

_wh ( 2G )
©DTT N 3a-v)p

S.1

(5.2)

(5.3

is the frequency predicted by the Kirchhoff theory. In Fig. 1 the dimensionless frequency w/wo

determined by (5.2) is given as a function of h/a for the first four approximations.

Although eqn (3.10) yields the same result asymptotically as (3.9) from which (5.2) was
derived, the truncated solutions will differ for increasing values of h/a. From (3.10) we get, by

1 15t

rd
%]
%) R~ 3

A\
\
\

\
\\\

o

\2nd

Lth

0
0 0.1 02 L o3

Fig. 1. The frequency of stationary plane waves as a function of the thickness-ratio for the first four
approximations according to eqn (5.2) for » = 1/3. Note that the thickness of the plate is 2h and the

wavelength 2a.
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substituting (5.1) the following frequency equation:

oy It d;(ﬂo)2<1'a—h24+
EE SR

The solution of this equation is shown in Fig. 2. for the first four approximations. Clearly, eqn
(3.10) is a better tool for solving this problem than (3.9).

(5.4

1 : 1st

3 rd
el N
/r
N v
N
LN
- S \
%\.\ _exact
e th
\znd
% 05 % 1.0

Fig. 2. The frequency of stationary plane waves as a function of the thickness-ratio for the first four
approximations according to eqn (5.4) for » = 1/3. Note that the thickness of the plate is 2k and the
wavelength 2a.

The exact solution of the three-dimensional equations of elasticity is known for the case of

sinusoidal plane waves in an infinite plate. Lamb[3] has shown that if the motion is symmetrical
about the middle-surface, the frequency equation may be written:

tanhﬂ\/(l - ak?)

AVt (—2 a_x;)zg -] _ (5.5
tan h——\/ (1-«?
where
e %ﬁg_’ (5.6)
and
£

After expanding the hyperbolic functions and simplifying the expression, we can write (5.5)
in the form

2 1——§z(l—aK2)+ §4(1

1-«

1,
(1—5.( ) —§§ (1—x2)+1—5-§‘(1—,<2)2

=0 (5.8)
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where
E=—. 5.9

We proceed to write (5.8) with a common denominator and equate the numerator to zero.
The common factor k> of the expanded numerator is cancelled and the corresponding solution
k=0 is discarded. In the remaining expression we substitute the following power-series
expansion for «*

K= IPE (1= by + by — byt + - - ) (5.10)

where the coefficients k2, by, bs,... are to be determined from the requirement that (5.8)
vanishes identically. Equating the coefficients of ¢ to zero we get the following set of
equations:

LR %
3(1 a) 4k 0

A7 n_ 4 2, 1 ., (___ )
105 (! "‘)+[30 5eT 5 ekt @
248 91,
“2g35 U~ “”[ 1260 105
1

_fpre 4 2 . 1 ) (1 ~-) - ]2—
Sk ( atza 30+6ak b+ (3a—7)bs b Jk=0 $.11)

a(l +a)+ a(l +2a)k?

etc.
The first equation determines k*, which we substitute in all the other equations. The second
equation yields b, etc. We find
k*=23(1-»)
by=(17-Tv)/15(1—v)
bs = (489 — 418v + 62v%)/315(1 - v)?
bs= (11189 — 14613v + 4995v% — 3811°)/4725(1 — v)’
bs= (602410 — 1059940v + 584257»% — 110090 + 51101*)/155925(1 — »)* 5.12)
etc.
We note that the asymptotic expansion of the exact solution (5.5) due to Lamb is precisely
the same as our solution (5.2). This is easily seen when comparing (3.8) with (5.12). The identity
is also a check of the correctness of the formulas (3.8). Finally, from (5.12) we are able to

determine the coefficient ¢s = bs for the fifth order theory without the necessity to derive any of
the displacement functions U .

6. DISCUSSION
It is now possible to answer some open questions regarding the accuracy of the engmeering
theories commonly used for thick plates.
In Mindlin's theory [4], the constant corresponding to ¢, is given as a sum of two terms:

1,2
M =3t 30—
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The first represents the influence of rotational inertia and the second one the influence of shear
deformation. For x> Mindlin proposes two conflicting values; one being /12 and the other one
depending on ». For a hypothetical material with Poisson’s ratio v =0.176 these values
coincide, giving cp = 1.3170. For that value of » however ¢, = 1.2757.

In Reissner’s theory[5] the constant «? is 5/6 and hence Reissner’s value for c, is
cr = (17 - 5»)/15(1 — v). Therefore neither Reissner’s nor Mindlin’s .theory gives the correct
asymptotic result, but their values are proably close enough for all practical purposes.

It should however be stressed that a second order theory (or for that matter any higher finite
order theory) does not necessarily yield better results than Kirchhoff’s first order theory. From
Fig. 1 we see that eqn (3.9) gives completely misleading results for h/a > 0.2, while according to
Fig. 2 the even order approximations of (3.10) yield surprisizingly good results also for
extremely thick plates.

Of special interest is the conclusion that with the fourth order equation (3.10) there are two
boundary conditions to be satisfied as in the classical plate theory rather than the three of
Reissner’s and Mindlin’s theories. For the asymptotic expansion to be valid, the actual stresses
at the boundary must coincide with the stresses derived in the theory. In general it is not
possible to achieve this. For a free boundary, for example, we may prescribe the bending
moment My = 0 and the effective shear force Q — dMy/ds = 0 everywhere. Nevertheless there
will in general be residual stresses, and the error in neglecting these is difficult to estimate.
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APPENDIX

The following is a listing of the expressions for the derivatives U%,, and W, ,, derived in Section 3. In the list, which is
a print-out from the computer, the following simplified notations are used:

Unm=U3;,,
Wnm =W, ,, (also WO0A = Wy,0)
D™ =A"
D = papn
V=14l(1-»)
LBn=A,.

In addition it should be noted that in the formulas below the operator D" operates on the function Wpq appearing in
the same term, irrespective of the order in which they stand. Thus, for instance

WO0VD? = VD*W00 = ITVV AW,

1. Approximation
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3 2
U2l = - D W20 - D W00 L (v+1)

EQUl = - 3/2 W00 LBO / ( V + 1) + D W00 L

5
Usl = - W40 D - D W20 L (v+1)-1/20D Wwoo L (G

3. Approximation

UG7 = W00 D (3 V+L4)
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2
-11/3v=-2v + 1/3 vV - 4/3 )

2
5/6 V + 7/6 )

8 2
woo L D ( 569/30 VvV + 6949/210 V + 631/30 V + 64/15 V

6
+ 37/14 ) + 1/36 L D W20 ( 49 V + 323/5 Vv ~ + 23V

__“-“---; ------- 2 3
Woo L D ( 27/10 v + 33710 V  + 157/90 V +1/3 Vv +
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4. Approximation

10

[ g
N
~
n
=
o
o
—
o
~
—
W
<
+
~
~
N
<
[}
]
<<
+
-t
~
~
~N
~
+
o
=
N
o

W20 ( 4 V + 3 )

b
Whé = WLO D (3 V+2)+1/9 W00 L D ( 835/4 V +

D W20 ( 8 V+7/2V -V +7/2)

2 3 4
30353/105 V - B4567/35 V +5/2V + 97/10 vV - 11483/

L 2
210 ) + L D W20 ( - 119/18 V - 63/10 V - 101/90 V
4 5 2
Usl1 1 - wWuo L D ( 2V +5/6V + 7/6 ) - W60 L D
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2 3
( 34/3 Vv + 127/15 V + 2V + 73/15 )

W82 = 1/36 W40 L D ( 49 VvV + 323/5 V + 23V + 37/5 )

+ W60 L D (V+5/6V +1/6) + W80 VD + 1/216 W00

L D ( 267607/350 V + 857599/525 V + 763547/525 V

2
W20 ( 569/30 V + 6949/210 V + 631/30 V + B4/15 V + 37/

Each approximation ends with two expressions for the same derivative W2, 2. By equating these two expressions we get one
differential equation (3.7) for each n. In successive formulas the eigenvalues Ao. ... are eliminated, using these equations.



